that C(σ(α)ω) = α · C(ω), where α ∈ k and σ is the Frobenius (p-th power) map on k.
The action of the Cartier operator on W is dual to the action of the Frobenius map on H 1 (Y, O Y ), and is intimately related to the structure of the p-torsion on the Jacobian of Y /k. A curve is called ordinary if the action of C on W is an isomorphism, and superspecial if C is the zero operator on W . The following is a nontrivial fact about superspecial curves (see [18] ): Theorem 1.1 (Nygaard) . Y is superspecial if and only if the Jacobian of Y is isomorphic to a product of supersingular elliptic curves.
In Section 2, we will give a new proof (and strengthening) of the following theorem of Ekedahl (see [13] ):
The author's research was supported by an NDSEG Fellowship and by a Sloan Doctoral Dissertation Fellowship. Remark. Ekedahl shows in [13] , considering Fermat curves of degree p + 1 and hyperelliptic curves of the form y 2 = x p − x that these bounds are in fact sharp.
Our proof of Theorem 1.2 is quite elementary, in the sense that it is based directly on the hypothesis that the Cartier operator annihilates W , and ultimately relies on general facts about base-point free pencils on curves. Ekedahl's proof, by contrast, has as its direct input the fact that, by the hard implication of Nygaard's Theorem, Jac(Y ) is isomorphic to a product of supersingular elliptic curves. Ekedahl
shows that this implies that Y descends down to F p 2 with Frobenius acting on . Now we come to the main object of study of this paper.
Definition. A closed point P of Y is said to be a Cartier point if the hyperplane W (P ) of regular differentials vanishing at P is stable under the Cartier operator.
Example 1.3. On an elliptic curve every point is a Cartier point, since W (P ) is always zero. On a superspecial curve as well, every point is a Cartier point, since any subspace of a vector space is stable under the zero operator.
Notice that the Cartier operator C induces a σ-linear map C * on the dual space W * via the formula (C * λ, ω) = (λ, Cω) σ .
There is a natural identification of C * with the σ-linear Frobenius map acting on [20, Proposition 9] ).
If Y is ordinary then there is also an induced map F = P(C) on the projective space P(W ), which is the set of hyperplanes in W .
For a fixed choice of a differential ν ∈ W , let λ P be the element of W * sending ω to ω ν (P ). The image j(P ) in P(W ) of λ P depends only on P , not on the differential ν. The map j : Y → P(W ) is just the canonical map of Y to projective space.
The following lemma can be proved by unwinding definitions (or see the proof of In other words, when Y is ordinary, a Cartier point can be interpreted geometrically as a point on Y whose image via the canonical embedding is a fixed point of the action of Frobenius on the ambient projective space. We will return to this description in section 3.
Our original motivation for our study of Cartier points was the following theorem of Coleman: Theorem 1.5. Suppose X is a (smooth proper) curve of genus g ≥ 2 defined over the ring of integers R in an unramified finite extension K of Q p , p ≥ 3. LetX denote the special fiber of X, and suppose thatX is ordinary. If P ∈ X(K) is a torsion point with respect to some embedding of X in Jac(X) defined over K, and if P is ramified (i.e., the extension K(P )/K is ramified), then the reductionP of P is a Cartier point onX.
Proof. Using Lemma 1.4, we see that this theorem is proved in parts (ii) and (iii) of [10, Proposition 3.6] .
In fact, Coleman also proves in [9] that under the hypotheses of the above theorem, there can be no torsion points at all ramified at p if p ≥ 5. [He also reaches this conclusion for p > 2g without the hypothesis thatX is ordinary.] So really we have found Theorem 1.5 useful only when p = 3. Nonetheless, this is an interesting case.
For instance, in [3] we apply Theorem 1.5 to some concrete examples pertaining to the Coleman-Kaskel-Ribet conjecture about torsion points on X 0 (N ).
As another use for Theorem 1.5, consider the following theorem of Buium (see [6] ): Theorem 1.6. Let X → J be an Albanese embedding defined over a number field K of a smooth proper curve of genus g ≥ 2 into its Jacobian. Let p be a prime of K such that K/Q is unramified at p, X/K has good reduction at p, and no point of X(K) ramified at p maps to a torsion point of J. Suppose p = char(p) is odd. We also mention that Cartier points arise naturally when studying the moduli space of hyperelliptic curves in characteristic p. This is illustrated in the work of B. Chisala (see [7] ).
In section 3, we obtain bounds for the number of Cartier points a curve can have, which in light of the above discussion has applications to studying torsion points on curves. We also provide some examples in which we determine the complete set of Cartier points on some specific curves.
Duality, Linear Systems, and Ekedahl's Theorem
In preparation for our extension of Ekedahl's theorem, we review some of the duality theory for curves and its relation to the Cartier operator in characteristic p. A good reference for this is [19] .
Let k be a field and C/k a (complete nonsingular) algebraic curve with function field K(C). Assume the genus g of C is positive. A repartition ξ is a family
If D is a divisor, write R(D) for the vector subspace of R consisting of all
. We set L(D) equal to the vector space consisting of 0 and all rational functions f such that (
Let Ω 1 C/k be the sheaf of differentials of C, and let Ω 1 K(C)/k be the K(C)-vector space of meromorphic differentials on C. There is a pairing between elements ω of
Let Ω(D) be the k-vector space formed by 0 and the elements ω ∈ Ω Using this duality theory, we have the following proposition which shows that
Cartier points, like Weierstrass points, are characterized by a certain "gap property".
is a Cartier point if and only if there exists a rational function f on Y and a local parameter T at P such that f is regular outside P , and at P has the Laurent expansion
where c ∈ k.
Proof. By the duality between differentials and repartitions, we see that C preserves W (P ) ⊂ W if and only if the p-th power map on R preserves the sub-
, and
is stable under p-th powers, this occurs if and only if the repartition
, where the nonzero component corresponds to the place P . This is easily seen to be equivalent to the existence of an f as in the statement of the proposition.
This proposition shows that every Cartier point P on Y , together with a choice of a local parameter T at P , gives rise to degree p rational function f P,T on Y .
If f P,T is another degree p rational function regular outside P and with Laurent expansion T −p +c T −1 +holomorphic terms, then f P,T = f P,T +a for some constant a ∈ k by the residue theorem. So we get a uniquely determined base-point free g 1 p on Y , depending only on P and T . It is interesting to consider when different
Cartier points can give rise to equivalent g
Lemma 2.2. With notation as above, suppose P, Q are distinct Cartier points on Y and choose local parameters T and T at P and Q, respectively. If the corresponding
Proof. We can normalize f P,T so that it vanishes at Q. The hypothesis that the g 1 p 's are equivalent means that there is an automorphism α of P 1 such that
It follows that α maps 0 to ∞, and that the inverse image of 0 under f P,T consists of the point Q with multiplicity p. Hence the divisor of f P,T is
, which proves what we want.
We will use this in conjunction with a general result concerning base-point free pencils on curves. As a notational convenience, if E = P ∈C e P (P ) and F = P ∈C f P (P ) are two divisors on the curve C, we will denote by E · F their "infimum" P ∈C min{e P , f P }(P ). We will say that a base-point free g 1 e and a base-point free g 1 f on C are independent if the corresponding map from C to its image C in P 1 × P 1 has degree one. It is easy to see that a g The proof of the following result is very similar to results found in [11] and [1] .
Unlike [11, Proposition 3], we do not assume the g 1 d 's in question are complete, nor do we assume that the ground field has characteristic zero. We include a slight variant of the proof in [11] here to convince the reader that these extra assumptions are not necessary. Proposition 2.3. Let C be a (smooth) curve of genus g defined over an algebraically closed field k. If C has at least d mutually independent base-point free Before giving the proof, we need two lemmas. Notation will be as follows: if A ⊂ P r , then A will denote the linear span of A. If φ : C → P r is a morphism and D is an effective divisor on C, then φ(D) is the intersection of all hyperplanes
If φ is an embedding we often
The geometric Riemann-Roch theorem ([2, p. 12]) says that for any effective
where j is the canonical map to P g−1 .
Lemma 2.4. Let C be a non-hyperelliptic smooth curve of genus g and let g Proof. Assume that C is canonically embedded. For any x ∈ C, denote by E x , F x the unique divisors in g 1 e , g 1 f , respectively, which contain x. As we have noted, the assumption that g 1 e and g 1 f are independent is equivalent to the assertion that for almost all x ∈ C we have E x · F x = (x). Let D be a divisor in the linear system g conclude that there exists a point x 0 ∈ C and divisors E, F in g
By the geometric Riemann-Roch theorem, we have
So by geometric Riemann-Roch, we get
Since x 0 is not a base point of |D + E + F |, we see that
as desired.
Finally
Therefore by geometric Riemann-Roch,
Since x 0 is not a base point for |E + F |, it follows that dim(|E + F |) ≥ r + s + 1 as claimed. Proof. It suffices to show that f (P ) = f (Q) whenever (P ) + (Q) ∈ g , we have to show for all P ∈ C that Q = h(P ) is a base point of |D − P |. This is equivalent to the statement that l(D − P − Q) = l(D − P ), which by Riemann-Roch is equivalent to l(E + P ) − l(E + P + Q) = 1, where E is a residual effective divisor to D, i.e., D + E = K. The desired equality follows immediately from the geometric Riemann-Roch theorem.
Corollary 2.6. Suppose C is a hyperelliptic curve of genus g defined over an algebraically closed field k. Then any rational function of degree at most g on C must have even degree.
We now give the promised proof of Proposition 2.3.
Proof. Without loss of generality we may assume that d ≥ 3, because for d = 1 the Proposition is trivial and for d = 2 it is equivalent to the fact that the g 
By the induction hypothesis, we have
. Therefore we find that
Clifford's theorem implies that |D 1 +. . .+D d | is nonspecial, so by Riemann-Roch we find that g ≤
, a contradiction.
Using Corollary 2.6, we deduce the following proposition, which generalizes results of Coleman (see [8, 5.5 
]).
Proposition 2.7. Let Y be an algebraic curve of genus g ≥ 2 over an algebraically closed field k of characteristic p.
If p = 2, then P ∈ Y (k) is a Cartier point if and only if Y is hyperelliptic and
P is a hyperelliptic branch point. Proof. The first part of the proposition follows immediately from Proposition 2.1. Now consider the second part. If P is a Cartier point on Y then there exists a rational function f on Y regular outside P and with a pole of order p at P . As p is odd, the statement in part (a) follows from Corollary 2.6, and the statement in part (b) follows from the fact that the Weierstrass gap sequence at a hyperelliptic branch point P is 1, 3, . . . , 2g − 1, so in particular there is no rational function regular outside P and with a pole of order p < 2g at P .
We now state our strengthening of Ekedahl's results. Proof. If Y is superspecial then C = 0 on W , so every point on Y is a Cartier point. Also the Jacobian of Y has no p-torsion, so each Cartier point gives rise to a distinct g 
Complements
We keep the same general notations as before. In particular Y will denote a curve of genus at least 2 over the algebraically closed field k of characteristic p, though we may repeat this information for emphasis.
It is clear from Lemma 1.4 that an ordinary curve can only possess finitely many Cartier points. On the other hand, every point on a superspecial curve is a Cartier point. What is the general picture? In this section we show that a curve has infinitely many Cartier points if and only if it is superspecial. We also give some bounds for the number of Cartier points a non-superspecial curve can possess.
Before we begin, we need a few facts from σ-linear algebra which can be found in [20, Sec. 9] and [5] .
Let k be an algebraically closed field of characteristic p and let σ be the Frobenius automorphism of k. Let T be a σ or σ 
If Y is nonhyperelliptic and E is stable under
F , then N (Y ) ≤ p + 1 + 2g √ p.
If Y is nonhyperelliptic and E is not stable under
3. If Y is hyperelliptic and E is stable under F , then N (Y ) ≤ 2p + 2.
If Y is hyperelliptic and E is not stable under
Proof. (See Proposition 5.1 of [8] ). If Y is nonhyperelliptic then j is an isomorphism; otherwise j has degree 2 and E is a smooth curve in P(W ) of genus 0.
If E is stable under F then E is defined over F p in a manner compatible with its embedding in the F p -variety P(W ). The Weil bound then says that the number of rational points on E is bounded by p + 1 + 2g √ p, in the nonhyperelliptic case, and by p + 1 in the hyperelliptic case. Assertions (1) and (3) follow. Otherwise, F * E = E as subvarieties of P(W ). In this case, by projecting E down to a suitable two-dimensional plane we can apply Bezout's theorem to estimate the number of points of E fixed by Frobenius. If Y is nonhyperelliptic (resp. hyperelliptic), the degree of both E and F * E in P(W ) is 2g − 2 (resp. g − 1), so the cardinality of
Remark. We do not know of any examples as in case (1) of the above theorem where Y is nonhyperelliptic and its image E is stable under the Frobenius map on
When p is small relative to g, which is the case in our applications to torsion points on curves (where p = 3), the following bound is better. Cartier points on Y .
Proof. As we have seen, the assumption that Y is ordinary implies that
If there are fewer than g − 2 Cartier points on Y then we are done. Otherwise, let Q 1 , . . . , Q g−2 be distinct Cartier points. The k-vector space of differentials vanishing at each of the Q i has dimension at least 2 by Riemann-Roch, and has a basis {ω i } of logarithmic differentials.
Pick any two such logarithmic ω i ; they generate a 2-dimensional F p -vector space V . Let {v 1 , . . . , v p+1 } be elements of V representing distinct elements of P 1 (V ).
But then one of v 1 , . . . , v p+1 ∈ W (P ). So
{zeros of v i }. A curve Y is called extraordinary if it is neither ordinary nor superspecial (see [9] ).
Also, if Y is a curve of genus g ≥ 2, we will define δ Y to be the degree of the canonical map, namely 2 if Y is hyperelliptic and 1 otherwise. are fixed by the Cartier operator, and map Y to its image E in P g−1 using these coordinates. Then the points of S which lie on E are just the points of E with coordinates (x 1 : · · · : x g ) such that x 1 , . . . , x r ∈ F p and x r+1 = · · · = x g = 0.
In particular, since r < g, the intersection S ∩ E lies in the intersection of E with the hyperplane x g = 0. Since the degree of E in P g−1 is
On the other hand, the set of H such that C * f H = 0 is exactly the set of H such that f H ∈ K, where K is the kernel of C * , a vector space of dimension g − s. This set forms a projective space L inside P(W ) of dimension g − s − 1. Note that the intersection L ∩ E is empty, since every point in L has x 1 = · · · = x r = 0 (notation as above). By hypothesis the dimension of L is between 0 and g −2, inclusive. Since the image E of Y inside P(W ) does not lie in any hyperplane, the intersection L∩E is finite, and its cardinality is bounded by the degree of E, which is
We are now done, because the Cartier points on Y are exactly those points which Example 3.7. The plane curve Y in characteristic 3 given by the equation
with α ∈ F 3 defines a nonsingular curve of genus 3 possessing exactly 5 Cartier points.
Proof. One easily checks that the given curve is nonsingular; this would be false if we allowed α to lie in F 3 .
We can compute the action of Frobenius on H 1 (Y, O Y ) with respect to the ordered basis {x 
We find that Frobenius acts on the vector space Proof. From [14] , we find models for the canonical embeddings of these two curves in characteristic 3. The curve Y = X 0 (43) in characteristic 3 is given by the homogeneous quartic equation
With respect to the basis {x t . The algorithm given in [16] (which can also be found in [22] ), which is easily implemented on a computer, allows one to calculate the I would also like to thank the referee for a number of useful comments.
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